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1. Introduction

The striking simplicity of MHV amplitudes has been an inspiration for many recent devel-

opments in gauge theory. It was first proposed by Parke and Taylor [1] and then proved

using recursion methods by Berends and Giele [2]. After about fifteen years, inspired by

twistor string theory, Cachazo, Svrček and Witten discovered that tree-level amplitudes

with arbitrary helicity configuration can be constructed using MHV amplitudes continued

off shell in a particular way and connected using scalar propagators [3]. This proposal

reduces the complexity of the amplitude computation dramatically. CSW rules were then

extended to include quarks and to supersymmetric theories [4 – 7], and also were extended

to include Higgs [8, 9] and electroweak gauge bosons [10]. There are also some applications

of CSW rules in one loop calculations (such as in [11 – 17]).

As well as the proof given in [18], a particularly direct proof of these rules was found

in [19] by generalising the idea from BCFW recursion relations [20]. But despite a pre-

liminary attempt to derive the MHV Lagrangian [21], a full and clear understanding of
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the origin of CSW rules from quantum field theory was not presented until Mansfield’s pa-

per [22]. In his paper, Mansfield proposed a framework for deriving the MHV Lagrangian

using a certain canonical transformation applied to the light-cone Lagrangian: CSW rules

then followed from the vertices in this MHV Lagrangian. The concrete canonical trans-

formation was obtained in [23] and later was extended in [24] to give a prescription for

dimensional regularization of the MHV Lagrangian. It was also made clear that the previ-

ously missing pieces of amplitudes in the CSW prescription can be recovered by so called

‘completion vertices’, which come from the field transformation. Another approach to ob-

tain the MHV Lagrangian is to use the twistor Yang-Mills theory [25, 26] by formulating

the gauge theory on twistor space and then fixing a particular gauge.

In [27, 28], a canonical transformation was used to generate the massive CSW vertices

involving massive scalars, and it was shown that these can also be obtained from the

twistor Yang-Mills approach. A full canonical transformation for QCD including a quark

field was constructed in a recent paper [29], in which CSW vertices for massive quarks

are also presented. The same results have been reproduced from the twistor Yang-Mills

approach [30] (although formulated in a different convention).

The similarity between the massive CSW scalar vertices in [27, 28] and massive quark

vertices in [29] suggests a supersymmetric relation between these two vertices. In [31], the

author uses a massive version of the supersymmetric Ward identity (massive SWI) [32] to

understand this similarity. Since massive SWI can only be used on amplitudes, one should

choose a suitable reference momentum of the massive quark to make the amplitudes in-

volving a massive quark-antiquark pair be proportional only to the corresponding massive

CSW vertices. Then the massive SWI can be used to relate them to amplitudes involving

massive scalars, hence relating these two kinds of CSW vertices. Since the derivation of the

massive SWI makes use of the explicit solution of massive Dirac equation, it also depends

on the reference momenta of the solution. However, at the level of the MHV Lagrangian,

one would not expect that a supersymmetric relation between vertices should depend on

the on-shell solution of the Dirac equation. In the present paper, a kind of light-cone super-

symmetric transformation at the Lagrangian level is presented to relate these two kinds of

vertices directly. It is based on the observation that after the gauge fixing and integrating

out of the non-dynamical fields, there is some supersymmetry left in the Lagrangian. More-

over, the complete canonical transformation for the MHV Lagrangian for supersymmetric

QCD (MHV-SQCD) can be obtained by using this supersymmetry transformation on the

results already obtained for MHV-QCD in [29]. Besides the relation between massive CSW

vertices for massive quarks and scalars, other relations among massive CSW vertices for

MHV-SQCD can also be obtained in this way. As a result, most massive CSW vertices can

be fixed using these relations and the results from MHV-QCD. Another kind of light-cone

supersymmetry is used in [33] in discussing MHV Lagrangian for N = 4 gauge theory.

The paper is organised as follows: In section 2, we explain the conventions and notation

used in this paper, which is a little different from [29]. In section 3, we derive the light-cone

Lagrangian and provide the light-cone SUSY transformation. In section 4, we obtain all of

the canonical transformation for MHV-SQCD using the light-cone SUSY transformation

and the canonical transformation for MHV-QCD. In section 5, we derive the massive CSW
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vertices for MHV-SQCD. Section 6 contains the conclusions and discussion. Since we will

use the canonical transformation and massive CSW vertices for MHV-QCD from [29] in

our derivation, we summarise them in appendix B and D. In appendix A, we give the full

light-cone Lagrangian for SQCD. In appendix C we summarise our results for the canonical

transformation for SQCD.

2. Preliminary

2.1 Light-cone co-ordinates

The light-cone co-ordinates are defined as:

x0 =
1√
2
(t− x3), x0̄ =

1√
2
(t+ x3), z =

1√
2
(x1 + ix2), z̄ =

1√
2
(x1 − ix2). (2.1)

We employ a compact notation writing (p0, p0̄, pz, pz̄) ≡ (p̌, p̂, p̃, p̄) and for momenta labelled

by a number we write that number with decorations to denote the components of the

momentum: (p̌n, p̂n, p̃n, p̄n) ≡ (ň, n̂, ñ, n̄). For component p̃, we will omit the tilde in case

it causes no confusion. In this notation, the Lorentz invariant reads

A · B = ÂB̌ + ǍB̂ −AB̄ − ĀB . (2.2)

We also make extensive use of the bilinears:

(i j) = k̂ik̃j − k̂j k̃i , {i j} = k̂ik̄j − k̂j k̄i . (2.3)

2.2 Spinor conventions

We use the Weyl representation of the Dirac matrices:

γµ =

(

0 σµ
αα̇

σ̄µ,α̇α 0

)

, (2.4)

σµ
αα̇ = (1, ~σi) , σ̄µ,α̇α = (1,−~σi) , σµν =

1

4
(σµσ̄ν − σν σ̄µ) . (2.5)

The massless Weyl spinors are solutions of Dirac equation pµσ
µ
αα̇χ̄

α̇ = 0 and pµσ̄
µ,α̇αχα = 0:

χα = 21/4(
√

p̂, p̄/
√

p̂)T , χ̄α̇ = 21/4(p/
√

p̂,−
√

p̂)T (2.6)

χα = 21/4(p̄/
√

p̂,−
√

p̂)T , χ̄α̇ = 21/4(
√

p̂, p/
√

p̂)T (2.7)

where χα = εαβχα, χ̄α̇ = εα̇β̇χ̄
β̇ and ε12 = ε1̇2̇ = −ε1,2 = −ε1̇2̇ = 1.

The usual spinor bilinear products can be recast into our convention

〈i j〉 = χ̄α̇(ki)χ̄
α̇(kj) =

√
2
(i j)√
ı̂ ̂
, (2.8)

[i j] = χα(ki)χα(kj) = −
√

2
{i j}√
ı̂ ̂

. (2.9)
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2.3 SQCD Lagrangian and component fields

We will be working with the supersymmetric QCD Lagrangian with two chiral superfields:

LSQCD =

∫

d3x
[

Φ†
1e

−2iV ∗

Φ1 + Φ†
2e

−2iV Φ2

]∣

∣

∣

θ4

− 1

2g2
tr
[

WαWα

∣

∣

∣

θ2

+ h.c.
]

+m

(

Φ1Φ2

∣

∣

∣

θ2

+ h.c.

)

(2.10)

where Φ2 and Φ1 are the chiral superfields in the N and N̄ representation of color

SU(N) group respectively and Wα is the field strength spinor superfield of the gauge

field. (φ1, ψ1, F1), (φ2, ψ2, F2) are component fields of Φ1 and Φ2, and (Λα, Fµν ,D) are

component fields of Wα, Aµ being the corresponding component gauge field in V :

Φ(y) = φ(y) +
√

2θψ(y) + θ2F (y) , (2.11)

Wα(y) = Λα(y) + θβ
(

−D(y)εβα + i(σµν)β
γεαγFµν(y)

)

+θ2(iσµ
αα̇DµΛ̄α̇(y)) , (2.12)

where

yµ = xµ − iθσµθ̄ . (2.13)

The gauge field strength is defined as

Fµν = [Dµ,Dν ], Dµ = ∂µ + Aµ, Aµ = − ig√
2
Aa

µτ
a , T a = −i τ

a

√
2
, (2.14)

where the normalization of color matrix τa is:

[τa, τ b] = i
√

2fabcτ c, tr(τaτ b) = δab. (2.15)

Dµ for gluino is defined as DµΛ = ∂µΛ + [Aµ,Λ].

Before gauge fixing, the SUSY transformations for component fields are:

δAµ = ησµΛ̄ + Λσµη̄ (2.16)

δΛα = Dηα − i(σµν)α
βηβFµν

δD = −iησµDµΛ̄ − iη̄σ̄µDµΛ

δφ1,2 =
√

2ηα(ψ1,2)α ,

δ(ψ1,2)α =
√

2(ηαF1,2 − i[σµη̄]αDµφ1,2)

δF1,2 = −
√

2iη̄σ̄µDµψ1,2 − 2η̄λ̄φ1,2 . (2.17)

After integrating out the auxilary fields F and D we find the SQCD Lagrangian in com-

ponent fields:

LSQCD = (Dµφ1)
†Dµφ1 + (Dµφ2)

†Dµφ2 −m2(φ†1φ1 + φ†2φ2)

+i(ψα
1 D/αα̇ψ̄

α̇
1 + ψ̄α̇

2 D/α̇αψ̄
α
2 ) −m(ψα

1 ψ2α + ψ̄1,α̇ψ̄
α̇
2 )

−
√

2i(φT
1 Λ̄ψ̄1 + ψ1Λφ

∗
1) +

√
2i(ψ̄2Λ̄φ2 + φ†2Λψ2)
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− 2

g2
tr

[

− 1

4
FµνFµν +

i

2
(ΛαD/αα̇Λ̄α̇ + Λ̄α̇D/α̇αΛα)

]

+g2(−φT
1 T

aφ∗1 + φ†2T
aφ2)

2 . (2.18)

We can combine the two Weyl spinors to be a Dirac spinor

Ψ = (ψ2,α, ψ̄
α̇
1 )T (2.19)

and like in [29], we denote the components of the spinor as

Ψ = (α+, β+, β−, α−)T and Ψ̄ = (β̄+, ᾱ+, ᾱ−, β̄−) , (2.20)

where the ± superscripts denote the physical helicity of the outgoing particles for massless

theory and ᾱ± = (α∓)∗. For the gluino, we denote the components of Weyl spinor Λ

and Λ̄ as

Λα = (Λ, T ) , Λ̄α̇ = (T̄ ,−Λ̄) . (2.21)

We also denote φ1(φ
∗
1) as φ̄+(φ̄−) and φ2(φ

∗
2) as φ+(φ−). In this way, we will see later

that the superscript ± of α, ᾱ will be the same as their superpartners’. As an abuse of

the nomenclature we will also call ± superscripts of scalars as plus(minus)-chirality.

Fields in momentum space are defined as the Fourier transformation:

f(x) =

∫

dq̂ dq̃ dq̄

(2π)3
f(~q)ei(q̂x0̄+q̃xz+q̄xz̄) (2.22)

and we use numbered subscripts to denote the momenta labelled with numbers of the fields:

f1 = f(~p1) , f1̄ = f(−~p1) . (2.23)

We also use a short-hand notation for the momentum integral product

∫

1···n
=

n
∏

k=1

1

(2π)3

∫

dk̂ dk dk̄. (2.24)

3. Light-cone SQCD Lagrangian and light-cone SUSY transformations

We start with SQCD Lagrangian (2.18). As in [22 – 24, 29], we quantise the theory on the

constant x0 surface Σ with a normal vector µ = (1, 0, 0, 1)/
√

2 in Minkowski co-ordinates

and choose the light-cone gauge Â = 0. Then we find out that the dynamical fields are

Ā, A, ᾱ±, α±, Λ, Λ̄, φ̄±, φ±, whilst Ǎ, T , T̄ , β±, β̄± can be integrated out. After this,

we can group the terms in the light-cone SQCD Lagrangian according to their chirality

configuration and their field content:

LLCSQCD = L+−
A + L+−

Λ + L+−
φ + L+−

α

+L++−
A + L++−

ΛA + L++−
αA + L++−

φA + L++−
αΛφ

+L−−+
A + L−−+

ΛA + L−−+
αA + L−−+

φA + L−−+
αΛφ

+L−−++
A + L−−++

Λ + L−−++
ΛA + L−−++

α + L−−++
φ + L−−++

αφ
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+L−−++
αA + L−−++

φA + L−−++
αΛ + L−−++

φΛ + L−−++
αφΛA

+L+−
m,α + L+−

m,φ + L+−+
m,αA + L+−+

m,φΛα + L−+−
m,αA + L−+−

m,φΛα , (3.1)

in which the superscripts differentiate their chirality configurations and the subscripts

denote their field content. Subscript m in the last line labels massive terms. L+−
m,··· terms

are proportional to m2, whilst L+−+
m,··· and L−+−

m,··· are proportional to m. The full expressions

for each term are summarised in appendix A. The L+−
α , L+−

m,α and L+−
φ , L+−

m,φ terms result

in massive propagators for α and φ:

〈α±ᾱ∓〉 =
i
√

2p̂

p2 −m2
, 〈φ−φ+〉 = 〈φ̄−φ̄+〉 =

i

p2 −m2
. (3.2)

Since we have fixed the light-cone gauge, the full SUSY transformation will not preserve

the gauge, but there is a subgroup of the full SUSY transfromation which leaves the light-

cone gauge invariant. Also, since only the dynamical fields are left in the light-cone SQCD

Lagrangian, the remaining supersymmetry can only involve these fields. If one restricts

the SUSY transformation parameters ηα and η̄α̇ in (2.17) to be

ηα = (0, η) , η̄α̇ = (η̄, 0) , (3.3)

one finds that this subgroup of the full SUSY transformation does indeed preserve the

gauge condition and the space of dynamical fields. To be specific, these transformations

for dynamical fields are

δφ̄+ = −
√

2ηᾱ+ , δφ̄− =
√

2η̄α− , (3.4)

δφ+ =
√

2ηα+ , δφ− = −
√

2η̄ᾱ− , (3.5)

δᾱ− = 2iη∂̂φ− , δα+ = −2iη̄∂̂φ+ , (3.6)

δα− = −2iη∂̂φ̄− , δᾱ+ = 2iη̄∂̂φ̄+ , (3.7)

δΛ = 2iη∂̂A , δΛ̄ = −2iη̄∂̂Ā , (3.8)

δĀ =
√

2ηΛ̄ , δA = −
√

2η̄Λ . (3.9)

The auxiliary fields F , D and the nonlinear terms also automatically disappear in this

transformation. We will call this SUSY transformation the light-cone SUSY transforma-

tion. Furthermore, we can group the dynamical fields into pairs:

{α+, φ+} , {α−, φ̄−} , {ᾱ−, φ−} , {ᾱ+, φ̄+} , {Λ,A}, {Λ̄, Ā} (3.10)

in which each pair of the dynamical fields generate an invariant sub-space under this light-

cone SUSY transformation. As a result, the terms in the light-cone SQCD can also be

grouped into SUSY invariant pieces:

{L+−
A + L+−

Λ } , {L+−
φ + L+−

α } ,
{L++−

A + L++−
ΛA } , {L++−

αA + L++−
φA + L++−

αΛφ } ,
{L−−+

A + L−−+
ΛA } , {L−−+

αA + L−−+
φA + L−−+

αΛφ } ,
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{L−−++
A + L−−++

Λ + L−−++
ΛA } , {L−−++

α + L−−++
φ + L−−++

αφ } ,
{L−−++

αA +L−−++
φA +L−−++

αΛ +L−−++
φΛ +L−−++

αφΛA } ,
{L+−

m,α + L+−
m,φ} , {L+−+

m,αA + L+−+
m,φΛα} , {L−+−

m,αA + L−+−
m,φΛα} . (3.11)

These are not the smallest pieces that are invariant under these transformations. For

example, one can also separate the L+−
φ + L+−

α into two parts containing {φ±, α+, ᾱ−}
and {φ̄±, α−, ᾱ+} respectively which are separately invariant under the light-cone SUSY

transformations. However, if one term in one curly bracket of (3.11) appears as a whole, to

be closed under these transformations one must add the other terms in this curly bracket.

4. Canonical transformations for the MHV-SQCD

From previous work [29], we have already got the canonical transformations for α±, ᾱ±,

A and Ā for the MHV Lagrangian of QCD. And now we also have the light-cone SUSY

transformation (3.4)–(3.9). In this section, we will fix the canonical transformations for

the SQCD using these two results.

The canonical field pairs before and after the canonical transformation for SQCD are

(up to some irrelavent normalizations):

{A, ∂̂Ā} → {B, ∂̂B̄} , {Λ, Λ̄} → {Π, Π̄} ,
{α±, ᾱ∓} → {ξ±, ξ̄∓} ,
{φ−, ∂̂φ+} → {ϕ−, ∂̂ϕ+} , {φ̄−, ∂̂φ̄+} → {ϕ̄−, ∂̂ϕ̄+}. (4.1)

As in [22, 23, 29], the canonical transformation should transform the massless non-

MHV terms to kinetic terms:

L+−
A + L+−

Λ + L+−
φ + L+−

α + L++−
A + L++−

ΛA

+L++−
αA + L++−

φA + L++−
αΛφ = L+−

B + L+−
Π + L+−

ϕ + L+−
ξ . (4.2)

The canonical transformation can be represented as a power expansion of the old fields in

terms of the new fields. Like equations (3.4)–(3.9), we expect the SUSY transformation

for the new fields to be linear, so that it is satisfied at each order of the expansion. Since

to the leading order of the transformation expansion, the old fields are the same as the

new fields, we make the natural assumption that the new fields actually satisfy the same

light-cone SUSY transformations as the corresponding old fields:

δϕ̄+ = −
√

2ηξ̄+ , δϕ̄− =
√

2η̄ξ− , (4.3)

δϕ+ =
√

2ηξ+ , δϕ− = −
√

2η̄ξ̄− , (4.4)

δξ− = −2iη∂̂ϕ̄− , δξ̄+ = 2iη̄∂̂ϕ̄+ , (4.5)

δξ̄− = 2iη∂̂ϕ− , δξ+ = −2iη̄∂̂ϕ+ , (4.6)

δΠ = 2iη∂̂B , δΠ̄ = −2iη̄∂̂B̄ , (4.7)

δB̄ =
√

2ηΠ̄ , δB = −
√

2η̄Π . (4.8)
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As further support for this assumption, we note that this implies that both the left hand side

and the right hand side of (4.2) are then closed under the light-cone SUSY transformation.

Recall that the equation defining the canonical transformation equation for MHV-QCD

is only part of equation (4.2):

L+−
A + L+−

α + L++−
A + L++−

αA = L+−
B + L+−

ξ . (4.9)

Since each term on the left hand side of this equation is in the first four curly brackets sep-

arately in (3.11) and also each term on the right hand side is in the first two curly brackets

separately, the minimal supersymmetric extension of this equation just gives us back the

whole equation (4.2). Therefore, if we can find a canonical transformation that transforms

correctly under the SUSY transformation and is also consistent with what we already have

in MHV-QCD, we will have solved the canonical transformation equation (4.2). To be

specific, we can separate the transformation expansion for fields {A, Ā, α±, ᾱ±} into QCD

pieces which involve only QCD fields {B, B̄, ξ±, ξ̄±}, and new pieces which contain new

supersymmetric fields {ϕ±, ϕ̄±,Π, Π̄} as well as QCD fields:

X=XQCD[B, B̄, ξ±, ξ̄±]+XNew[B, B̄, ξ±, ξ̄±, ϕ±, ϕ̄±,Π, Π̄] , X∈{A, Ā, α±, ᾱ±}, (4.10)

in which either each expansion term in XNew contains at least one field from {ϕ±, ϕ̄±,Π, Π̄}
or XNew = 0. At the same time, one can see that the expansion of {Λ, Λ̄, φ±, φ̄±} should

not contain pieces which only have QCD fields:

X = X [B, B̄, ξ±, ξ̄±, ϕ±, ϕ̄±,Π, Π̄] , X ∈ {Λ, Λ̄, φ±, φ̄±}, (4.11)

where each term in X contains at least one field from {ϕ±, ϕ̄±,Π, Π̄} as in XNew. This is

because all the new superpartners carry R charges, and R charge should be conserved

by the canonical transformation. In other words, XNew[B, B̄, ξ±, ξ̄±, ϕ±, ϕ̄±,Π, Π̄] and

X [B, B̄, ξ±, ξ̄±, ϕ±, ϕ̄±,Π, Π̄] cannot contribute to the QCD pieces containing only QCD

fields in the canonical transformation equation (4.2). Therefore XQCD must separately

satisfy (4.9), whilst the new pieces XNew along with X must satisfy the canonical trans-

formation equation with the pure QCD terms eliminated:

L+−
A + L+−

Λ + L+−
φ + L+−

α + L++−
A + L++−

ΛA

+L++−
αA + L++−

φA + L++−
αΛφ = L+−

ϕ + L+−
Π . (4.12)

Here only terms containing the new pieces XNew in L+−
A , L++−

A , L+−
α , L++−

αA are retained.

So we would expect XQCD are just what we already have, which are listed in appendix B.

To obtain the MHV Lagrangian for massless pieces, we demand that all the old plus

chirality fields depend only on new plus chirality fields and all the old minus chirality fields

should depend linearly on the new minus chirality fields. As in [23, 29], first, we still

demand that A is just a functional of B, i.e. in momentum space:1

Aq =
∞
∑

n=1

∫

1···n
Υq,1̄···n̄B1 · · · Bnδq1̄···n̄ . (4.13)

1Further details on definitions in the equations here and later, are included with the summaries in

appendices B and C.
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It is then easy to obtain the canonical transformation for Λ by using the light-cone SUSY

transformation (3.9) and (4.8):

Λq =
∞
∑

n=1

∫

1···n
Υq,1̄···n̄

n
∑

l=1

B1 · · ·Πl · · · Bnδq1̄···n̄ . (4.14)

Under SUSY, Λ transforms back to A under the light-cone SUSY transformation. Therefore

the right hand side of the above equation had better transform under SUSY back to the

right hand side of (4.13). After collecting terms, that is what happens, thus forming a

non-trivial consistency check on our reasoning. As an inverse, B is only a functional of A,

i.e. B[A], and Π a functional of A and Λ, i.e. Π[A,Λ].

Next, let us consider α− and φ̄−. The expansion of α− should at least contain one piece

containing terms of the form B · · · Bξ−. The supersymmetric transformation of α− and ξ−

involves only terms proportional to holomorphic η, but the supersymmetric transformation

of B involves only anti-holomorphic η̄. To satisfy the SUSY transformation for α−, the

expansion must have another piece to cancel the η̄ terms after the SUSY transformation.

But for φ̄− there is no such requirement because the SUSY transformation of φ̄− involves

only η̄ like B. So for a minimal extension of MHV-QCD, the expansion of φ̄− could contain

only one piece:

φ̄−q =

∞
∑

n=1

∫

1···n
Υ−

q,1̄···n̄
B1 · · · Bn−1ϕ̄

−
n δq1̄···n̄ , (4.15)

and by using the SUSY transformation from φ− to α−, the expansion of α− can be obtained:

α−
q = ξ−q +

∞
∑

n=2

∫

1···n
Υ−

q,1̄···n̄

(

B1 · · · Bn−1ξ
−
n −

n−1
∑

l=1

B1 · · ·Πl · · · Bn−1ϕ̄
−
n

)

δq1̄···n̄ . (4.16)

Under SUSY, α− transforms back to φ̄−. After collecting terms, one finds that the right

hand side of the above equation transforms under SUSY back to the right hand side

of (4.15). Again, this forms a non-trivial consistency check on our reasoning. As a re-

sult, the inverse ϕ̄− is only a functional of φ̄− and A, i.e. ϕ̄−[φ̄−,A], and ξ− a functional

of φ̄−, Λ, α−, and A, i.e. ξ−[α−, φ̄−,Λ,A]. The discussion for ᾱ− and φ− is the same.

For ᾱ+, φ̄+ and α+, φ+, a similar discussion can be applied, but the roles of α and φ are

exchanged, that is, the expansions for α+ and ᾱ+ contain only one piece each and the

expansions φ+ and φ̄+ have two pieces each. The detailed transformations are summarized

in appendix C. Here we only summarize the field dependence:

α+[ξ+,B] , ᾱ+[ξ̄+,B] , α−[ξ−, ϕ̄−,Π,B] , ᾱ−[ξ̄−, ϕ−,Π,B] ,

φ−[ϕ−,B] , φ̄−[ϕ̄−,B] , φ+[ϕ+, ξ+,Π,B] , φ̄+[ϕ̄+, ξ̄+,Π,B] , (4.17)

and the inverse field dependence:

ξ+[α+,A] , ξ̄+[ᾱ+,A] , ξ−[α−, φ̄−,Λ,A] , ξ̄−[ᾱ−, φ−,Λ,A] ,

ϕ−[φ−,A] , ϕ̄−[φ̄−,A] , ϕ+[φ+, α+,Λ,A] , ϕ̄+[φ̄+, ᾱ+,Λ,A] . (4.18)

– 9 –



J
H
E
P
1
2
(
2
0
0
8
)
0
2
8

The transformations for Λ̄ and Ā are the most complicated ones. From the transfor-

mation for MHV-QCD we can see that, Ā has at least two pieces: one piece involves only

gauge fields B and B̄, and the other involves fermions and their 1/NC terms. We look at

the term involving B and B̄ i.e. ĀB first. From a similar holomorphic analysis of the SUSY

transformation, one finds that the minimal extension is to make the corresponding gauge

piece Λ̄ΠB of Λ̄ contain a single piece involving B and Π̄, and Ā contain an additional piece

ABΠ involving B, Π, Π̄, in the following sense:

Λ̄BΠ
q =

∞
∑

n=1

∫

1···n

n
∑

l=1

Ξl
q,1̄···n̄B1 · · · Π̄l · · · Bnδq1̄···n̄ , (4.19)

ĀBΠ
q = − 1√

2q̂

∞
∑

n=2

∫

1···n

n
∑

s=1

[

Ξs
q,1̄···n̄

n
∑

l=1,l 6=s

(−1)δlsB1 · · ·Πl · · · Π̄s · · · Bn

]

δq1̄···n̄ . (4.20)

Next, let us look at the piece involving B · · · ξ+ξ̄− · · · B in the expansion of Ā. There

must be a corresponding piece in Λ̄ which should be transformed into this piece under the

SUSY transformation. The corresponding piece in Λ̄ could contain terms proportional to

B · · ·Π · · · ξ+ξ̄− · · · B, B · · ·ϕ+ξ̄− · · · B and B · · · ξ+ϕ− · · · B. From (4.18) and the require-

ment that this be a canonical transformation, we have:

δΛ̄

δ∂̂ϕ+
= −δϕ

−

δΛ
= 0 ,

δΛ̄

δξ̄−
=
δξ+

δΛ
= 0 . (4.21)

Therefore this piece cannot depend on ϕ+ and ξ̄−, and the only terms left are proportional

to B · · · ξ+ϕ− · · · B. This is also consistent with the SUSY transformation since the SUSY

transformations of B, ϕ− and ξ+ involve only η̄ which is the same for Λ̄. By the same

reasoning, one can obtain the corresponding pieces in Λ̄ for the other pieces in Ā. In this

way we demonstrate that Λ̄ must be given by equations (C.9)–(C.11). Now, using SUSY

transformation on Λ̄ one determines the canonical transformation for Ā as given in the

equations (C.12)–(C.16). Finally, by a straightforward computation, one confirms that the

expansion for Ā transforms back to the expansion for Λ̄ under the SUSY transformations.

We have now determined the canonical transformations for all of the fields in terms

of coefficients which we have tacitly assumed are the same as the ones in the transforma-

tion to MHV-QCD. This assumption is correct, since the QCD pieces of {A, Ā, α±, ᾱ±}
must be just the same as the transformation for MHV-QCD. It follows that the canonical

transformations for new fields does not introduce new unknown coefficients, as one might

expect from supersymmetry.

5. The massive CSW vertices for SQCD

With the canonical transformations at hand, we are ready to look at the new CSW vertices

for SQCD. As proved in [22, 29], the massless part of the CSW vertices are the same as the

MHV amplitude continued off shell up to some external polarizations. These MHV vertices

can be constructed from the MHV amplitudes obtained using normal massless SUSY Ward

– 10 –
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Identities (SWI), so we will not discuss them here. The new vertices are the massive CSW

vertices from mass terms in the light-cone SQCD.

The new massive CSW vertices for SQCD could be calculated by substituting the

canonical transformations into the light-cone SQCD Lagrangian. But we can try to fix

them from the light-cone SUSY transformation. First let us look at

L+−
m,αφ = L+−

m,α + L+−
m,φ. (5.1)

Upon substitution of the canonical transformation, we see that this piece should be com-

posed of six kinds of field configurations:

L+−
m,αφ =

m2

√
2

∞
∑

n=2

∫

1···n

[

V +−
m,ξ (1̄ · · · n̄)ξ̄+1 B2 · · · Bn−1ξ

−
n + V −+

m,ξ (1̄ · · · n̄) ξ̄−1 B2 · · · Bn−1ξ
+
n

+V +−
m,ϕ(1̄ · · · n̄)ϕ̄+

1 B2 · · · Bn−1ϕ̄
−
n+V −+

m,ϕ(1̄ · · · n̄)ϕ−
1 B2 · · · Bn−1ϕ

+
n

]

δ1···n

+
m2

√
2

∞
∑

n=3

∫

1···n

n−1
∑

l=2

[

V l,+−
m,ξΠϕ(1̄ · · · n̄) ξ̄+1 B2 · · ·Πl · · · Bn−1ϕ̄

−
n

+V l,−+
m,ϕΠξ(1̄ · · · n̄)ϕ−

1 B2 · · ·Πl · · · Bn−1ξ
+
n

]

δ1···n . (5.2)

Note that there are no ϕ̄+B · · ·Π · · · Bξ− and ξ̄−B · · ·Π · · · Bϕ+ terms. This is a consequence

of the simple field dependence of α+, ᾱ+, φ−, and φ̄− in (4.17). It also conforms to a

rule that one can extract from the light-cone SQCD Lagrangian in appendix A, namely

that in the terms involving one scalar and one gluino, the chiralities of the scalar and

gluino are always opposite. The first, third and fifth pieces should be closed under SUSY

transformations. Using the SUSY transformations (4.3)–(4.8) one then easily finds that

these three vertices must be related as:

V +−
m,ϕ = −

√
2 1̂V +−

m,ξ , V l,+−
m,ξΠϕ = V +−

m,ξ . (5.3)

Since only the QCD pieces in α± and ᾱ± can contribute to terms proportional to

ξ̄+1 B2 · · · Bn−1ξ
−
n and ξ̄−1 B2 · · · Bn−1ξ

+
n , V +−

m,ξ and V −+
m,ξ must be equal to the correspond-

ing coefficients for MHV-QCD. By using the results of V +−
m,ξ for MHV-QCD listed in the

appendix D, the above relations immediately give V +−
m,ϕ and V +−

m,ξΠϕ. Similarly, we can also

obtain expressions for the other three vertices:

V −+
m,ϕ =

√
2 1̂V −+

m,ξ , V l,−+
m,ϕΠξ = V −+

m,ξ . (5.4)

If one calculates the amplitudes A(1±q 2+ · · · (n − 1)+n∓q̄ ) and A(1±ϕ 2+ · · · (n − 1)+n∓ϕ ) by

choosing the reference momenta of fermions as in [31], the amplitudes are proportional to

V ±∓
m,ξ and V ±∓

m,ϕ. Using relation (5.3) and (5.4), one can recover the relations between these

amplitudes obtained from massive SWI in [31]. Notice that V l,−+
m,ϕΠξ and V l,+−

m,ξΠϕ are inde-

pendent of l. This is a consequence of the supersymmetry. Taking V l,+−
m,ξΠϕ as an example,

since after SUSY transformation, there is a term proportional to ξ̄+1 B2 · · ·Πs · · ·Πl · · · Bϕ̄−
n

– 11 –
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which comes from V l,+−
m,ξΠϕξ̄

+
1 B2 · · ·Πl · · · Bϕ̄−

n and V s,+−
m,ξΠϕξ̄

+
1 B2 · · ·Πs · · · Bϕ̄−

n , whose coeffi-

cient must vanish, we have:

V l,+−
m,ξΠϕ − V s,+−

m,ξΠϕ = 0 , for s 6= l , (5.5)

in other words V l,+−
m,ξΠϕ does not depend on l.

Next, let us look at

L+−+
m = L+−+

m,αA + L+−+
m,φA + L+−+

m,φΛα . (5.6)

We can separate it into three parts which are invariant under the supersymmetry:

L+−+,(1)
m = im

{

∞
∑

n=3

∫

1···n

n−1
∑

s=2

(

V s,+−+
m,ξ (1̄ · · · n̄) ξ̄+1 B2 · · · B̄s · · · Bn−1ξ

+
n

+V s,+−+
m,ϕΠξ (1̄ · · · n̄)ϕ̄+

1 B2 · · · Π̄s · · · Bn−1ξ
+
n

+V s,+−+
m,ξΠϕ (1̄ · · · n̄) ξ̄+1 B2 · · · Π̄s · · · Bn−1ϕ

+
n

)

δ1···n

+
1√
2

∞
∑

n=4

∫

1···n

n−1
∑

l=2

n−1
∑

s=2,s 6=l

(−1)δls

(

V ls,+−+
ξΠΠ̄ξ

(1̄ · · · n̄)

×ξ̄+1 B2 · · ·Πl · · · Π̄s · · · Bn−1ξ
+
n

)

δ1···n

}

, (5.7)

L+−+,(2)
m = i

mg2

2
√

2

{

∞
∑

n=4

∫

1···n

n−2
∑

s=2

(

V s,++−+
m,ξ (1̄ · · · n̄)ξ̄+1 B2 · · · ξ+s ξ̄−s+1 · · · Bn−1ξ

+
n

+V s,++−+
m,ξϕϕξ (1̄ · · · n̄) ξ̄+1 B2 · · ·ϕ+

s ϕ
−
s+1 · · · Bn−1ξ

+
n

+V s,++−+
m,ϕξϕξ (1̄ · · · n̄) ϕ̄+

1 B2 · · · ξ+s ϕ−
s+1 · · · Bn−1ξ

+
n

+V s,++−+
m,ξξϕϕ (1̄ · · · n̄)ξ̄+1 B2 · · · ξ+s ϕ−

s+1 · · · Bn−1ϕ
+
n

)

δ1···n

+
∞
∑

n=5

∫

1···n

n−2
∑

s=2

n−1
∑

l=2,l 6=s,s+1

(−1)δls

(

V ls,++−+
m,ξΠϕϕξ (1̄ · · · n̄)

×ξ̄+1 B2 · · ·Πl · · · ξ+s ϕ−
s+1 · · · Bn−1ξ

+
n

)

δ1···n

}

, (5.8)

L+−+,(3)
m = i

mg2

2
√

2

{

∞
∑

n=4

∫

1···n

n−2
∑

s=2

(

V s,+−++
m,ξ (1̄ · · · n̄)ξ̄+1 B2 · · · ξ−s ξ̄+s+1 · · · Bn−1ξ

+
n

+V s,+−++
m,ξϕϕξ (1̄ · · · n̄) ξ̄+1 B2 · · · ϕ̄−

s ϕ̄
+
s+1 · · · Bn−1ξ

+
n

+V s,+−++
m,ϕϕξξ (1̄ · · · n̄)ϕ̄+

1 B2 · · · ϕ̄−
s ξ̄

+
s+1 · · · Bn−1ξ

+
n

+V s,+−++
m,ξϕξϕ (1̄ · · · n̄)ξ̄+1 B2 · · · ϕ̄−

s ξ̄
+
s+1 · · · Bn−1ϕ

+
n

)

δ1···n

+
∞
∑

n=5

∫

1···n

n−2
∑

s=2

n−1
∑

l=2,l 6=s,s+1

(−1)δls

(

V ls,+−++
m,ξΠϕξξ (1̄ · · · n̄)

×ξ̄+1 B2 · · ·Πl · · · ϕ̄−
s ξ̄

+
s+1 · · · Bn−1ξ

+
n

)

δ1···n

}

, (5.9)
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where δls is defined in (C.17). Just by using the SUSY transformation as before, we arrive

at the following relations between these vertices:

V s,+−+
m,ϕΠξ =

1̂

ŝ
V s,+−+

m,ξ , V s,+−+
m,ξΠϕ = − n̂

ŝ
V s,+−+

m,ξ , V ls,+−+
m,ξΠΠ̄ξ

= −1

ŝ
V s,+−+

m,ξ

V s,++−+
m,ϕξϕξ =

√
21̂V s,++−+

m,ξ , V s,++−+
m,ξξϕϕ = −

√
2n̂V s,++−+

m,ξ ,

V s,++−+
m,ξϕϕξ =

√
2ŝV s,++−+

m,ξ , V ls,++−+
m,ξΠϕϕξ = −V s,++−+

m,ξ ,

V s,+−++
m,ξϕξϕ = −

√
2n̂V s,+−++

m,ξ , V s,+−++
m,ϕϕξξ =

√
21̂V s,+−++

m,ξ ,

V s,+−++
m,ξϕϕξ = −

√
2ŝ+ 1V s,+−++

m,ξ , V ls,+−++
m,ξΠϕϕξ = −V s,+−++

m,ξ . (5.10)

Since all the vertices on the right hand side of these equations have already been obtained

from MHV-QCD, the new vertices on the left hand side immediately follow from these

relations. Notice that V ls,+−+
m,ξΠΠ̄ξ

, V ls,++−+
m,ξΠϕϕξ and V ls,+−++

m,ξΠϕϕξ also do not depend on l, so the

dependence of l in corresponding terms appears only in (−1)δls , i.e. when the positions of

plus-helicity gluinos change, the vertices at most change sign, in accordance with Fermi

statistics. Just like in the previous case, this can be understood as a result of the supersym-

metry: for example, the coefficient of the term ξ̄+ · · ·Πl1 · · ·Πl · · · ξ+ϕ− · · · ξ+, generated

by the SUSY transformation, must vanish. This arises from transforming the V ls,++−+
m,ξΠϕϕξ ,

V l1s,++−+
m,ξΠϕϕξ terms, from which we conclude

V ls,++−+
m,ξΠϕϕξ − V l1s,++−+

m,ξΠϕϕξ = 0 , for l1 6= l , (5.11)

which just means that V ls,++−+
m,ξΠϕϕξ is independent of l.

Now let us look at the last piece

L−+−
m = L−+−

m,αA + L−+−
m,φΛα . (5.12)

There are four kinds of vertices with different field configurations in the Lagrangian after

applying the canonical transformations:

L−+−
m = im

{

∞
∑

n=3

∫

1···n

[

V −+−
m,ξ (1̄ · · · n̄)ξ̄−1 B2 · · · Bn−1ξ

−
n

+
n−1
∑

l=2

V l,−+−
m,ϕΠξ (1̄ · · · n̄)ϕ−

1 B2 · · ·Πl · · · Bn−1ξ
−
n

+

n−1
∑

l=2

V l,−+−
m,ξΠϕ (1̄ · · · n̄)ξ̄−1 B2 · · ·Πl · · · Bn−1ϕ̄

−
n

]

δ1···n

+

∞
∑

n=4

∫

1···n

n−2
∑

l1=2

n−1
∑

l2=l1+1

V l1l2,−+−
m,ϕΠΠϕ (1̄ · · · n̄)

×ϕ−
1 B2 · · ·Πl1 · · ·Πl2 · · · Bn−1ϕ̄

−
n δ1···n

}

. (5.13)
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Unfortunately, the light-cone SUSY transformation can only provide some relations among

these vertices:

1̂V −+−
m,ξ +

n−1
∑

l=2

l̂ V l,−+−
m,ϕΠξ = 0 , n̂ V −+−

m,ξ −
n−1
∑

l=2

l̂ V l,−+−
m,ξΠϕ = 0 , (5.14)

V −+−
m,ξ − V l,−+−

m,ϕΠξ + V l,−+−
m,ξΠϕ = 0 , (5.15)

n̂ V l,−+−
m,ϕΠξ + 1̂V l,−+−

m,ξΠϕ +
l−1
∑

l1=2

l̂1V
l1l,−+−
m,ϕΠΠϕ −

n−1
∑

l1=l+1

l̂1V
ll1,−+−
m,ϕΠΠϕ = 0 , (5.16)

V l2,−+−
m,ϕΠξ − V l1,−+−

m,ϕΠξ − V l1l2,−+−
m,ϕΠΠϕ = 0 , (5.17)

V l2,−+−
m,ξΠϕ − V l1,−+−

m,ξΠϕ − V l1l2,−+−
m,ϕΠΠϕ = 0 , (5.18)

V l1l2,−+−
m,ϕΠΠϕ − V sl2,−+−

m,ϕΠΠϕ + V sl1,−+−
m,ϕΠΠϕ = 0 . (5.19)

From these relations, we cannot fix these vertices uniquely, but the above relations may

simplify their determination. Indeed, we only need to calculate two of these vertices to

obtain the others. Since we already have V −+−
m,ξ for MHV-QCD, actually we only need to

calculate one vertex. The results are:

V l,−+−
m,ϕΠξ =

1̂ (l n)

l̂ (1 n)
V −+−

m,ξ , (5.20)

V l,−+−
m,ξΠϕ = − n̂ (1 l)

l̂ (1 n)
V −+−

m,ξ , (5.21)

V l1l2,−+−
m,ϕΠΠϕ = − 1̂n̂ (l1 l2)

l̂1l̂2 (1 n)
V −+−

m,ξ . (5.22)

It is easy to check that these equations satisfy (5.14)–(5.19). These relations in fact can

also be understood using the massive SWI at the amplitude level [31].

6. Conclusion and discussion

In this paper, we have seen that the whole canonical transformation for the MHV-SQCD

Lagrangian can be obtained simply by applying a kind of light-cone supersymmetry trans-

formation on the canonical transformation for MHV-QCD Lagrangian. Unlike SWI, this

SUSY transformation relates the dynamical fields of light-cone SQCD directly at the La-

grangian level, not the annihilation operators of outgoing states at the amplitude level.

As a result, it is more widely applicable, as we saw for example by using it to uniquely

determine the canonical transformation for MHV-SQCD. Some relations among massive

CSW vertices can be understood using this supersymmetric transformation. Using these

relations and the canonical transformation, all the massive CSW vertices are obtained. But

since this SUSY transformation is a subgroup of the whole supersymmetry transformation,

it is not as flexible as SWI in changing the transformation parameters. We see this in the

massive vertex relations (5.20)–(5.22), which can be obtained from SWI at the amplitude

level, but can not all be obtained just by using this SUSY transformation.
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Though in this paper, the canonical transformation is derived for MHV-SQCD with

one flavour, clearly its application is more general. More flavours can be added without

difficulty. Since the pieces having different field content in the canonical transformation

equation (4.2) cancel separately from the left and right hand side of the equation, parts of

the transformation can be directly used in theories which can be embedded in SQCD. A

typical example is MHV-QCD. After turning off Λ and φ1,2 by setting them to zero, we can

obtain the canonical transformation for MHV-QCD and the corresponding massive CSW

vertices are not changed. For theories involving only a gauge field and scalars, we can set Λ

and quark fields to be zero in the canonical transformation, and the corresponding parts of

the massive CSW vertices can be used directly in this theory as in [27, 28]. This provides

a direct explanation of the similarity between the massive CSW scalar vertices in [27, 28]

and the massive CSW fermion vertices in [29]. Moreover, changing the masses for scalars

and fermions does not modify the canonical transformation but the CSW vertices could be

modified. It is also possible to extend it to a supersymmetric theory incorporating standard

model such as the MSSM.

These CSW vertices of course can be used in simplifying calculations of SQCD ampli-

tudes involving massive quarks and scalars. An interesting observation is that for terms

involving a plus-helicity gluino and containing only one minus-chirality particle, the massive

vertices do not depend on the position of the plus-helicity gluino in the color matrix prod-

uct except for a possible sign change according to fermion statistics. This is a consequence

of supersymmetry. This property may be useful in the amplitude calculations in SQCD.
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A. Light-cone Lagrangian for SQCD

L+−
A =

4

g2
tr

∫

Σ
d3x Ā (∂̌∂̂ − ∂∂̄)A , (A.1)

L+−
Λ = −i2

√
2

g2
tr

∫

Σ
d3x (Λ̄∂̌Λ − Λ̄∂̄∂̂−1∂Λ) , (A.2)

L+−
φ = −2

∫

Σ
d3x (φ̄+(∂̂∂̌ − ∂∂̄)φ̄− + φ−(∂̂∂̌ − ∂∂̄)φ+) , (A.3)

L+−
α = i

√
2

∫

Σ
d3x (ᾱ+∂̌α− + ᾱ−∂̌α+ − ᾱ+∂̄∂̂−1∂α− − ᾱ−∂∂̂−1∂̄α+) . (A.4)

L++−
A = − 4

g2
tr

∫

Σ
d3x (∂̄∂̂−1A) [A, ∂̂Ā] , (A.5)

L++−
ΛA = −i2

√
2

g2
tr

∫

Σ
d3x

(

A{Λ, ∂̄∂̂−1Λ} − (∂̄∂̂−1A){Λ, Λ̄}
)

, (A.6)

L++−
αA = i

√
2

∫

Σ
d3x

(

ᾱ+(∂̂−1∂̄A)α− + ᾱ−(∂̂−1∂̄A)α+

−ᾱ+∂̄∂̂−1(Aα−) − ᾱ−A∂̂−1∂̄α+
)

, (A.7)
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L++−
φA = −2

∫

Σ
d3x

(

φ̄+(∂̂−1∂̄A)∂̂φ̄− − ∂φ−(∂̂−1∂̄A)φ+

−φ̄+A∂̄φ̄− + ∂̄φ−Aφ+
)

, (A.8)

L++−
αΛφ = i

√
2

∫

Σ
d3x

(

− ᾱ+(∂̂−1∂̄Λ)φ̄− + φ−(∂̂−1∂̄Λ)α+

+(∂̂−1∂̄ᾱ+)Λφ̄− − φ−Λ(∂̂−1∂̄α+)
)

. (A.9)

L−−+
A = − 4

g2
tr

∫

Σ
d3x [Ā, ∂̂A] (∂∂̂−1Ā) , (A.10)

L−−+
ΛA = −i2

√
2

g2
tr

∫

Σ
d3x

(

Ā {Λ, ∂∂̂−1Λ̄} − (∂∂̂−1Ā){Λ̄,Λ}
)

, (A.11)

L−−+
αA = i

√
2

∫

Σ
d3x

(

ᾱ+(∂̂−1∂Ā)α− + ᾱ−(∂̂−1∂Ā)α+

−ᾱ−∂∂̂−1(Āα+) − ᾱ+Ā(∂̂−1∂α−)
)

, (A.12)

L−−+
φA = 2

∫

Σ
d3x

(

∂̂φ̄+(∂̂−1∂Ā)φ̄−−φ−(∂̂−1∂Ā)∂̂φ+−φ−Ā∂φ++∂φ̄+Āφ̄−
)

, (A.13)

L−−+
αΛφ = −i

√
2

∫

Σ
d3x

(

φ̄+(∂̂−1∂Λ̄)α− − ᾱ−(∂̂−1∂Λ̄)φ+

−φ̄+Λ̄(∂̂−1∂α−) + (∂̂−1∂ᾱ−)Λ̄φ+
)

. (A.14)

L−−++
A =

∫

Σ
d3x

[

1

2
Σa

A∂̂
−2Σa

A − 1

g2
tr
(

[A, Ā]2
)

]

, (A.15)

L−−++
Λ =

1

2

∫

Σ
d3x Σa

Λ∂̂
−2Σa

Λ , (A.16)

L−−++
ΛA =

∫

Σ
d3x

[

Σa
Λ∂̂

−2Σa
A − i

2
√

2

g2
tr
(

[A, Λ̄]∂̂−1[Ā,Λ]
)

]

. (A.17)

L−−++
φ =

1

2

∫

Σ
d3x

[

Σa
φ∂̂

−2Σa
φ + g2 (−φ̄+T aφ̄− + φ−T aφ+)2

]

, (A.18)

L−−++
α =

1

2

∫

Σ
d3x Σa

α∂̂
−2Σa

α , (A.19)

L−−++
αφ =

∫

Σ
d3x

[

Σa
α∂̂

−2Σa
φ

−
√

2ig2(ᾱ+T aφ̄− + φ−T aα+)∂̂−1(φ̄+T aα− + ᾱ−T aφ+)

]

. (A.20)

L−−++
φA =

∫

Σ
d3x

[

Σa
φ∂̂

−2Σa
A +

(

φ̄+{A, Ā}φ̄− + φ−{A, Ā}φ+
)

]

, (A.21)

L−−++
αΛ =

∫

Σ
d3x Σa

α∂̂
−2Σa

Λ , (A.22)

L−−++
αA =

∫

Σ
d3x

[

Σa
α∂̂

−2Σa
A − i

√
2
(

ᾱ−A∂̂−1(Āα+) + ᾱ+Ā∂̂−1(Aα−)
)

]

, (A.23)

L−−++
φΛ =

∫

Σ
d3x

[

Σa
φ∂̂

−2Σa
Λ − i

√
2
(

φ−Λ∂̂−1(Λ̄φ+) + φ̄+Λ̄∂̂−1(Λφ̄−)
)

]

, (A.24)
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L−−++
αφΛA = −i

√
2

∫

Σ
d3x

[

φ−Λ∂̂−1(Āα+) − φ̄+Λ̄∂̂−1(Aα−) − ∂̂−1(ᾱ−A)Λ̄φ+

+∂̂−1(ᾱ+Ā)Λφ− + ᾱ+
(

∂̂−1[Ā,Λ]
)

φ̄− − φ−
(

∂̂−1[Ā,Λ]
)

α+

+φ̄+
(

∂̂−1[A, Λ̄]
)

α− − ᾱ−
(

∂̂−1[A, Λ̄]
)

φ+

]

. (A.25)

where

Σa
A = −2

g
tr
(

[A, ∂̂Ā]T a + [Ā, ∂̂A]T a
)

, (A.26)

Σa
Λ =

i2
√

2

g
tr
(

{Λ̄,Λ}T a
)

(A.27)

Σa
α = i

√
2g
(

ᾱ−T aα+ + ᾱ+T aα−
)

(A.28)

Σa
φ = −g

(

− ∂̂φ̄+T aφ̄− + φ̄+T a∂̂φ̄− + φ−T a∂̂φ+ − ∂̂φ−T aφ+
)

(A.29)

L+−
m,α = i

m2

√
2

∫

Σ
d3x (ᾱ−∂̂−1α+ + ᾱ+∂̂−1α−) , (A.30)

L+−
m,φ = −m2

∫

Σ
d3x (φ̄+φ̄− + φ−φ+) , (A.31)

L+−+
m,αA = −m

∫

Σ
d3x ᾱ+[∂̂−1, Ā]α+ , (A.32)

L+−+
m,φΛα = m

∫

Σ
d3x

(

(∂̂−1ᾱ+)Λ̄φ+ − φ̄+Λ̄∂̂−1α+
)

, (A.33)

L−+−
m,αA = m

∫

Σ
d3x ᾱ−[∂̂−1,A]α− , (A.34)

L−+−
m,φΛα = −m

∫

Σ
d3x

(

φ−Λ∂̂−1α− − (∂̂−1ᾱ−)Λφ̄−
)

. (A.35)

B. Summary of the canonical transformation for MHV-QCD

AQCD
q =

∞
∑

n=1

∫

1···n
Υq,1̄···n̄B1 · · · Bn δq1̄···n̄, (B.1)

α+,QCD
q =

∞
∑

n=1

∫

1···n
Υ+

q,1̄···n̄
B1 · · · Bn−1ξ

+
n δq1̄···n̄, (B.2)

ᾱ+,QCD
q =

∞
∑

n=1

∫

1···n
Ξ+

q,1̄···n̄
ξ̄+1 B2 · · · Bn δq1̄···n̄, (B.3)

α−,QCD
q = ξ−q +

∞
∑

n=2

∫

1···n
Υ−

q,1̄···n̄
B1 · · · Bn−1ξ

−
n δq1̄···n̄, (B.4)

ᾱ−,QCD
q = ξ̄−q +

∞
∑

n=2

∫

1···n
Ξ−

q,1̄···n̄
ξ̄+1 B2 · · · Bn δq1̄···n̄, (B.5)

ĀQCD
q = ĀB,QCD + ĀξB,QCD , (B.6)
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ĀB,QCD
q =

1

q̂

∞
∑

n=1

∫

1···n

n
∑

s=1

ŝΞs
q,1̄···n̄B1 · · · B̄s · · · Bn δq1̄···n̄ , (B.7)

ĀξB,QCD
q =

g2

2
√

2q̂

∞
∑

n=2

∫

1···n

[

n−1
∑

s=1

K+,s
q,1̄···n̄

B1 · · · Bs−1ξ
+
s ξ̄

−
s+1Bs+2 · · · Bn

+
1

NC
K+,NC

q,1̄···n̄
ξ̄−1 B2 · · · Bn−1ξ

+
n I

+
n−1
∑

s=1

K−,s
q,1̄···n̄

B1 · · · Bs−1ξ
−
s ξ̄

+
s+1Bs+2 · · · Bn

+
1

NC
K−,NC

q,1̄···n̄
ξ̄+1 B2 · · · Bn−1ξ

−
n I

]

δq1̄···n̄ , (B.8)

where

δq1̄···n̄ = (2π)3δ3(~q − ~p1 − · · · ~pn) . (B.9)

Define:

∆1̄···n̄ =







1̂···n̂
1̂n̂(1 2)···(n−1,n)

, for n ≥ 2 ,

1
1̂
, for n = 1.

(B.10)

All the coefficients can be expressed as

Υq,1̄···n̄ = Υ+
q,1̄···n̄

= Ξ+
q,1̄···n̄

= (−i)n−1q̂∆1̄···n̄ , (B.11)

Ξ−
q,1̄···n̄

= (−i)n−11̂∆1̄···n̄ , (B.12)

Υ−
q,1̄···n̄

= (−i)n−1n̂∆1̄···n̄ , (B.13)

Ξs
q,1̄···n̄ = (−i)n−1ŝ∆1̄···n̄ , (B.14)

K+,s
q,1̄···n̄

= (−i)n−1ŝ+ 1 ∆1̄···n̄ , (B.15)

K+,NC

q,1̄···n̄
= −(−i)n−11̂ ∆1̄···n̄ , (B.16)

K−,s
q,1̄···n̄

= −(−i)n−1ŝ∆1̄···n̄ , (B.17)

K−,NC

q,1̄···n̄
= (−i)n−1n̂∆1̄···n̄ . (B.18)

C. Summary of the canonical transformation for MHV-SQCD

Aq = AQCD
q , α+

q = α+,QCD
q , ᾱ+

q = ᾱ+,QCD
q , (C.1)

α−
q = α−,QCD

q −
∞
∑

n=2

∫

1···n
Υ−

q,1̄···n̄

( n−1
∑

l=1

B1 · · ·Πl · · · Bn−1ϕ̄
−
n

)

δq1̄···n̄, (C.2)

ᾱ−
q = ᾱ−,QCD

q +
∞
∑

n=2

∫

1···n
Ξ−

q,1̄···n̄

( n
∑

l=2

ϕ−
1 B2 · · ·Πl · · · Bn

)

δq1̄···n̄, (C.3)

Λq =
∞
∑

n=1

∫

1···n
Υq,1̄···n̄

n
∑

l=1

B1 · · ·Πl · · · Bn δq1̄···n̄, (C.4)
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φ+
q = ϕ+

q +
1

q̂

∞
∑

n=2

∫

1···n
Υ+

q,1̄···n̄

(

n̂B1 · · · Bn−1ϕ
+
n − 1√

2

n−1
∑

l=1

B1 · · ·Πl · · · Bn−1ξ
+
n

)

δq1̄···n̄, (C.5)

φ̄+
q = ϕ̄+

q +
1

q̂

∞
∑

n=2

∫

1···n
Ξ+

q,1̄···n̄

(

1̂ϕ̄+
1 B2 · · · Bn − 1√

2

n
∑

l=2

ξ̄+1 B2 · · ·Πl · · · Bn

)

δq1̄···n̄, (C.6)

φ̄−q =

∞
∑

n=1

∫

1···n
Υ−

q,1̄···n̄
B1 · · · Bn−1ϕ̄

−
n δq1̄···n̄, (C.7)

φ−q =
∞
∑

n=1

∫

1···n
Ξ−

q,1̄···n̄
ϕ−

1 B2 · · · Bn δq1̄···n̄, (C.8)

Λ̄q = Λ̄BΠ
q + Λ̄φξB

q , (C.9)

Λ̄BΠ
q =

∞
∑

n=1

∫

1···n

n
∑

l=1

Ξl
q,1̄···n̄B1 · · · Π̄l · · · Bn δq1̄···n̄ , (C.10)

Λ̄ϕξB
q =

g2

2

∞
∑

n=2

∫

1···n

[

n−1
∑

s=1

K+,s
q,1̄···n̄

B1 · · · Bs−1ξ
+
s ϕ

−
s+1Bs+2 · · · Bn

− 1

NC
K+,NC

q,1̄···n̄
ϕ−

1 B2 · · · Bn−1ξ
+
n I

+

n−1
∑

s=1

K−,s
q,1̄···n̄

B1 · · · Bs−1ϕ̄
−
s ξ̄

+
s+1Bs+2 · · · Bn

− 1

NC
K−,NC

q,1̄···n̄
ξ̄+1 B2 · · · Bn−1ϕ̄

−
n I

]

δq1̄···n̄ . (C.11)

Āq = ĀB + ĀBΠ + ĀξB + ĀϕB + ĀϕξΠB , (C.12)

ĀB
q = ĀB,QCD

q , ĀξB
q = ĀξB,QCD

q , (C.13)

ĀBΠ
q = − 1√

2q̂

∞
∑

n=2

∫

1···n

n
∑

s=1

[

Ξs
q,1̄···n̄

n
∑

l=1,l 6=s

(−1)δlsB1 · · ·Πl · · · Π̄s · · · Bn

]

δq1̄···n̄ , (C.14)

ĀϕB
q =

g2

2q̂

∞
∑

n=2

∫

1···n

[

n−1
∑

s=1

ŝK+,s
q,1̄···n̄

B1 · · · Bs−1ϕ
+
s ϕ

−
s+1Bs+2 · · · Bn

− n̂

NC
K+,NC

q,1̄···n̄
ϕ−

1 B2 · · · Bn−1ϕ
+
n I

−
n−1
∑

s=1

ŝ+ 1K−,s
q,1̄···n̄

B1 · · · Bs−1ϕ̄
−
s ϕ̄

+
s+1Bs+2 · · · Bn

+
1̂

NC
K−,NC

q,1̄···n̄
ϕ̄+

1 B2 · · · Bn−1ϕ̄
−
n I

]

δq1̄···n̄ , (C.15)

ĀϕξΠB
q =

g2

2
√

2q̂

∞
∑

n=3

∫

1···n

[

−
n−1
∑

s=1

K+,s
q,1̄···n̄

(

n
∑

l=1,l 6=s,s+1

(−1)δlsB1 · · ·Πl · · · ξ+s ϕ−
s+1 · · · Bn

)

+
1

NC
K+,NC

q,1̄···n̄

n−1
∑

s=2

ϕ−
1 B2 · · ·Πs · · · Bn−1ξ

+
n I
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−
n−1
∑

s=1

K−,s
q,1̄···n̄

(

n
∑

l=1,l 6=s,s+1

(−1)δlsB1 · · ·Πl · · · ϕ̄−
s ξ̄

+
s+1Bs+2 · · · Bn

)

− 1

NC
K−,NC

q,1̄···n̄

n−1
∑

s=2

ξ̄+1 B2 · · ·Πs · · · Bn−1ϕ̄
−
n I

]

δq1̄···n̄ , (C.16)

where I is the color singlet unit matrix and

δls =

{

0 for l < s ,

1 for l > s .
(C.17)

D. Summary of the massive CSW vertices for MHV-QCD

L+−
m =

m2

√
2

[

∞
∑

n=2

∫

1,2,···n
V −+

m (1̄ · · · n̄)ξ̄−1 B2 · · · Bn−1ξ
+
n δ1···n

+
∞
∑

n=2

∫

1,2,···n
V +−

m (1̄ · · · n̄)ξ̄+1 B2 · · · Bn−1ξ
−
n δ1···n

]

, (D.1)

where

δ1...n = (2π)3δ3
(

n
∑

i=1

pi

)

, (D.2)

V −+
m (1̄ · · · n̄) = (−i)n−2∆1̄···n̄

(1 n)

n̂
, (D.3)

V +−
m (1̄ · · · n̄) = −(−i)n−2∆1̄···n̄

(1 n)

1̂
, (D.4)

and ∆ is defined in (B.10).

L+−+
Fm = im

[

∞
∑

n=3

n−1
∑

s=2

∫

1···n
V s,+−+(1̄ · · · n̄)ξ̄+1 B2 · · · B̄s · · · Bn−1ξ

+
n δ1···n

+
g2

2
√

2

∞
∑

n=4

n−2
∑

s=2

∫

1,2,···n

(

V s,++−+(1̄ · · · n̄)ξ̄+1 B2 · · · Bs−1ξ
+
s ξ̄

−
s+1Bs+2 · · · Bn−1ξ

+
n

+V s,+−++(1̄ · · · n̄)ξ̄+1 B2 · · · Bs−1ξ
−
s ξ̄

+
s+1Bs+2 · · · Bn−1ξ

+
n

)

δ1···n

]

, (D.5)

where

V s,+−+(1̄ · · · n̄) = (−i)n−3∆1̄···n̄
(1 s)(s n)

1̂n̂
, for n ≥ 3 ,

V s,++−+(1̄ · · · n̄) = (−i)n−3∆1̄···n̄
(1 s)

1̂ŝ

(

(s + 1 n)

n̂
− 1

NC

(s s+ 1)

ŝ

)

, for n ≥ 4 ,

V s,+−++(1̄ · · · n̄) = −(−i)n−3∆1̄···n̄
(s + 1 n)

ŝ+ 1n̂

(

(1 s)

1̂
− 1

NC

(s s+ 1)

ŝ+ 1

)

, for n ≥ 4 .

(D.6)
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L−+−
Fm = im

∞
∑

n=3

∫

1,2,···n
V −+−(1̄ · · · n̄)ξ̄−1 B2B3 · · · Bn−1ξ

−
n δ1···n , (D.7)

where

V −+−(1̄ · · · n̄) = −(−i)n−3∆1̄···n̄
(1 n)2

1̂n̂
, for n ≥ 3 . (D.8)

References

[1] S.J. Parke and T.R. Taylor, An amplitude for n gluon scattering, Phys. Rev. Lett. 56 (1986)

2459.

[2] F.A. Berends and W.T. Giele, Multiple soft gluon radiation in parton processes, Nucl. Phys.

B 313 (1989) 595.
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