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1. Introduction

The striking simplicity of MHV amplitudes has been an inspiration for many recent devel-
opments in gauge theory. It was first proposed by Parke and Taylor [ and then proved
using recursion methods by Berends and Giele [f]. After about fifteen years, inspired by
twistor string theory, Cachazo, Svréek and Witten discovered that tree-level amplitudes
with arbitrary helicity configuration can be constructed using MHV amplitudes continued
off shell in a particular way and connected using scalar propagators [f]. This proposal
reduces the complexity of the amplitude computation dramatically. CSW rules were then
extended to include quarks and to supersymmetric theories [[]-[], and also were extended
to include Higgs [B, ] and electroweak gauge bosons [[L(]. There are also some applications
of CSW rules in one loop calculations (such as in [[1]-[(7).

As well as the proof given in [[I§], a particularly direct proof of these rules was found
in [[9 by generalising the idea from BCFW recursion relations [R(]. But despite a pre-
liminary attempt to derive the MHV Lagrangian [R1], a full and clear understanding of



the origin of CSW rules from quantum field theory was not presented until Mansfield’s pa-
per 3. In his paper, Mansfield proposed a framework for deriving the MHV Lagrangian
using a certain canonical transformation applied to the light-cone Lagrangian: CSW rules
then followed from the vertices in this MHV Lagrangian. The concrete canonical trans-
formation was obtained in [BJ] and later was extended in [P4] to give a prescription for
dimensional regularization of the MHV Lagrangian. It was also made clear that the previ-
ously missing pieces of amplitudes in the CSW prescription can be recovered by so called
‘completion vertices’, which come from the field transformation. Another approach to ob-
tain the MHV Lagrangian is to use the twistor Yang-Mills theory [R3, Rd] by formulating
the gauge theory on twistor space and then fixing a particular gauge.

In [27, BY], a canonical transformation was used to generate the massive CSW vertices
involving massive scalars, and it was shown that these can also be obtained from the
twistor Yang-Mills approach. A full canonical transformation for QCD including a quark
field was constructed in a recent paper [Rg], in which CSW vertices for massive quarks
are also presented. The same results have been reproduced from the twistor Yang-Mills
approach [BQ] (although formulated in a different convention).

The similarity between the massive CSW scalar vertices in [27, B§| and massive quark
vertices in [R9] suggests a supersymmetric relation between these two vertices. In [BI], the
author uses a massive version of the supersymmetric Ward identity (massive SWI) [BJ] to
understand this similarity. Since massive SWI can only be used on amplitudes, one should
choose a suitable reference momentum of the massive quark to make the amplitudes in-
volving a massive quark-antiquark pair be proportional only to the corresponding massive
CSW vertices. Then the massive SWI can be used to relate them to amplitudes involving
massive scalars, hence relating these two kinds of CSW vertices. Since the derivation of the
massive SWI makes use of the explicit solution of massive Dirac equation, it also depends
on the reference momenta of the solution. However, at the level of the MHV Lagrangian,
one would not expect that a supersymmetric relation between vertices should depend on
the on-shell solution of the Dirac equation. In the present paper, a kind of light-cone super-
symmetric transformation at the Lagrangian level is presented to relate these two kinds of
vertices directly. It is based on the observation that after the gauge fixing and integrating
out of the non-dynamical fields, there is some supersymmetry left in the Lagrangian. More-
over, the complete canonical transformation for the MHV Lagrangian for supersymmetric
QCD (MHV-SQCD) can be obtained by using this supersymmetry transformation on the
results already obtained for MHV-QCD in [2g]. Besides the relation between massive CSW
vertices for massive quarks and scalars, other relations among massive CSW vertices for
MHV-SQCD can also be obtained in this way. As a result, most massive CSW vertices can
be fixed using these relations and the results from MHV-QCD. Another kind of light-cone
supersymmetry is used in [BJ in discussing MHV Lagrangian for " = 4 gauge theory.

The paper is organised as follows: In section ], we explain the conventions and notation
used in this paper, which is a little different from [@] In section [}, we derive the light-cone
Lagrangian and provide the light-cone SUSY transformation. In section i, we obtain all of
the canonical transformation for MHV-SQCD using the light-cone SUSY transformation
and the canonical transformation for MHV-QCD. In section [}, we derive the massive CSW



vertices for MHV-SQCD. Section [ contains the conclusions and discussion. Since we will
use the canonical transformation and massive CSW vertices for MHV-QCD from [RJ] in
our derivation, we summarise them in appendix [B and D In appendix [A], we give the full
light-cone Lagrangian for SQCD. In appendix [ we summarise our results for the canonical
transformation for SQCD.

2. Preliminary

2.1 Light-cone co-ordinates
The light-cone co-ordinates are defined as:

1 5 1 1 1
V= ——(t—-2), 2¥=—"—42(t+2), z2=-—@'4iz?), z=-—2(z'—iz?). (21)

V2 V2 V2 V2

We employ a compact notation writing (pg, pg, 2, pz) = (D, P, p, p) and for momenta labelled
by a number we write that number with decorations to denote the components of the
momentum: (Pp, Pn, Pn, Pn) = (7,1, 1, 7). For component p, we will omit the tilde in case
it causes no confusion. In this notation, the Lorentz invariant reads

A-B=AB+ AB— AB - AB. (2.2)
We also make extensive use of the bilinears:
(i ) = kiky — ks, {i 5} = kiky — ki (2.3)
2.2 Spinor conventions

We use the Weyl representation of the Dirac matrices:

0 ot
"o _ Taa | 2.4

. , , 1
ot =(1,6), M =(1,-5), o= Z(Uuﬁu —ov5H). (2.5)

The massless Weyl spinors are solutions of Dirac equation p,o, ¥* = 0 and p,5/**y, = 0:

Xa =24 (VD.0/VD)" Xt =20/ \/b,—/b)" (2.6)
X =240/, —VD)" X =2 (Vb.p/ V)" (2.7)

where x® = e*¥x,, X4 = Edﬁ')zﬁ and e'? = &' = —e1p = —¢j5 = 1.

The usual spinor bilinear products can be recast into our convention
(i) = Talk)XO(hy) = VAL, (28)
Vi)

N ()
[i j] = x* (ki) xa(ks) \/im




2.3 SQCD Lagrangian and component fields
We will be working with the supersymmetric QCD Lagrangian with two chiral superfields:

. . 1
Lsqop = /d3x @™V 0y + 0l V@ || ot |WOWe| 4 hec
02

64 2g

+m <<I>1<1>2(62 + h.c.> (2.10)

where ®5 and ®; are the chiral superfields in the N and N representation of color
SU(N) group respectively and W, is the field strength spinor superfield of the gauge
field. (¢1,%1, F1), (¢2,12, Fp) are component fields of ®; and ®9, and (An, Fp,D) are
component fields of W, A, being the corresponding component gauge field in V:

d(y) = ¢(y) + V204 (y) + 0°F(y), (2.11)
Waly) = Aa(y) + 07 = DW)ega +i(0™)5"ear Fun (v) )
+0(i0h DA (y)), (2.12)
where
yH =zt —ifoth. (2.13)

The gauge field strength is defined as

ig

a, a a - Ta
Fuw =[DusDy], Dp=0u+ Ay, A= —EAMT , T = _Zﬁ’ (2.14)
where the normalization of color matrix 7¢ is:
[r9, 7] = iv2fbere,  tr(rirt) = 5%, (2.15)
D, for gluino is defined as D, A = 0, A + [A,, A].
Before gauge fixing, the SUSY transformations for component fields are:
6A, = nou A+ Noyij (2.16)
6Ao¢ = DT]a - Z‘(U‘uy)aﬁnﬁfuu
6D = —ino"D, A — ifjc" D, A
0612 = V2 ($12)a
5(h12)a = V2(naFi2 — i[0"N]aDyudr.2)
5F1,2 = —\/52'77}5'“1)#1[)1’2 — 277/_\525172 . (2.17)

After integrating out the auxilary fields F' and D we find the SQCD Lagrangian in com-
ponent fields:

Lsqep = (Dud1) DFéy + (Duda) Dy — m? (¢l b1 + pl)
+i(¢‘f‘@aa¢_}? + ?Zé)‘@aa%x) — m(YThaa + 7,1_11(1?;3)
~V2i(pT Apy + P1AGY) + V2i(Pohda + Py A)
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+9°(— 01 67 + @5 T"¢2)" (2.18)

We can combine the two Weyl spinors to be a Dirac spinor
U = (.0, 97)" (2.19)

and like in [29], we denote the components of the spinor as
U= (at,85,87,a)t and U= (5"a",a,3), (2.20)

where the 4 superscripts denote the physical helicity of the outgoing particles for massless
theory and a* = (aF)*. For the gluino, we denote the components of Weyl spinor A
and A as

Ao =(AT), AY=(T,-A). (2.21)

We also denote ¢1(¢7) as ¢F(¢7) and ¢o(¢3) as ¢T(¢7). In this way, we will see later

that the superscript + of a, a will be the same as their superpartners’. As an abuse of

the nomenclature we will also call 4+ superscripts of scalars as plus(minus)-chirality.
Fields in momentum space are defined as the Fourier transformation:

f(@) = / d?;‘iiq (i@ 1) (222)

and we use numbered subscripts to denote the momenta labelled with numbers of the fields:

f=fm), fi=f(=m). (2.23)

We also use a short-hand notation for the momentum integral product

n 1 ) B
/M = kl'[l o /dk dk dk. (2.24)

3. Light-cone SQCD Lagrangian and light-cone SUSY transformations

We start with SQCD Lagrangian (R.I1§). As in [P3-P4), B9], we quantise the theory on the
constant z° surface ¥ with a normal vector = (1,0,0,1)/y/2 in Minkowski co-ordinates
and choose the light-cone gauge A = 0. Then we find out that the dynamical fields are
A, A, a*, a®, A, A, ¢F, ¢F, whilst A, T, T, B, BF can be integrated out. After this,
we can group the terms in the light-cone SQCD Lagrangian according to their chirality
configuration and their field content:

Licsqep = Ly~ + Ly~ + L)~ + L3~
LA LT A LT A LT A LIS
FL T LT A Ly A LT A LS
_‘_LZ—-I--‘F +LX_++ +LXA_++ 4Lt —I—L(;_J’Jr _I_L;¢—++



FLo T L T Lo T L T Lo
Lo + Long + Lonala T Lygia T Liniaa T Lilona (3.1)

m,aA m

in which the superscripts differentiate their chirality configurations and the subscripts
denote their field content. Subscript m in the last line labels massive terms. L,J;L_ terms
are proportional to m?, whilst L,J;L:JF and L;:T,,_ are proportional to m. The full expressions
for each term are summarised in appendix [A]. The LI ™, L}~ and L(";_, L:;_qj terms result
in massive propagators for a and ¢:
_ iV2p - -
(0faT) = ———5, (¢7¢") =(67¢7) =

22— m2’

i
poa— (3.2)
Since we have fixed the light-cone gauge, the full SUSY transformation will not preserve
the gauge, but there is a subgroup of the full SUSY transfromation which leaves the light-
cone gauge invariant. Also, since only the dynamical fields are left in the light-cone SQCD
Lagrangian, the remaining supersymmetry can only involve these fields. If one restricts
the SUSY transformation parameters 7, and 7% in (R.17) to be

N = (07 77) > ﬁd = (777 O) ) (33)

one finds that this subgroup of the full SUSY transformation does indeed preserve the
gauge condition and the space of dynamical fields. To be specific, these transformations
for dynamical fields are

5ot = —V2nat, 86~ =V2ija", (3.4)
5¢T = V2nat, 8¢~ = —2ma~, (3.5)
S~ = 2indg~ Sat = —2ifgd¢T (3.6)
S = —2indd, dat = 20T, (3.7)
SA = 2indA, SA = —2if0A, (3.8)
SA=V2nA, 6A = —V27A. (3.9)

The auxiliary fields F', D and the nonlinear terms also automatically disappear in this
transformation. We will call this SUSY transformation the light-cone SUSY transforma-
tion. Furthermore, we can group the dynamical fields into pairs:

{aT, 0"} {a7, 07} {a o7} {a" 0"} {A AL {A, A} (3.10)

in which each pair of the dynamical fields generate an invariant sub-space under this light-
cone SUSY transformation. As a result, the terms in the light-cone SQCD can also be
grouped into SUSY invariant pieces:

{Li~+ L7}, (L7~ + LI},
(L™ + L{G7 Y, (LI + LI+ L5
{Li "+ Lya" s, {Loa T+ L+ Loyt



{LZ—++ 4 LX—++ + LXA—'F'F} , {L;—++ 4 L;—++ + L;¢—++} ,
——++ —— ——++ ——++ ——++

(UOVRRE Y FyRRE SRS SV SUyUNS

Lo+ Ligh, ALLA+ LR {Laa + Linnat (3.11)

These are not the smallest pieces that are invariant under these transformations. For
example, one can also separate the L;'_ + L(J;_ into two parts containing {qbi,oﬁ,o_z_}
and {¢T,a~,at} respectively which are separately invariant under the light-cone SUSY
transformations. However, if one term in one curly bracket of (B.11)) appears as a whole, to
be closed under these transformations one must add the other terms in this curly bracket.

4. Canonical transformations for the MHV-SQCD

From previous work [R9], we have already got the canonical transformations for at, a*,

A and A for the MHV Lagrangian of QCD. And now we also have the light-cone SUSY
transformation (B.4)-(B.9). In this section, we will fix the canonical transformations for
the SQCD using these two results.

The canonical field pairs before and after the canonical transformation for SQCD are
(up to some irrelavent normalizations):

{A, A} — {B,6B}, (A, A} — {II, T},
{o,aT} — {¢5,67},
{67,00%} — {¢~,0¢™}, {67,007} — {g~,0¢"}. (4.1)

As in 3, P3, BY], the canonical transformation should transform the massless non-
MHYV terms to kinetic terms:

+— +- +— - ++— ++—
Ly~ + Ly + Ly + Ly + Ly + Ly
+L + L(‘gj‘ + L;;q; =L+ LT+ L + L;‘ . (4.2

The canonical transformation can be represented as a power expansion of the old fields in
terms of the new fields. Like equations (B.4)-(B.9), we expect the SUSY transformation
for the new fields to be linear, so that it is satisfied at each order of the expansion. Since
to the leading order of the transformation expansion, the old fields are the same as the
new fields, we make the natural assumption that the new fields actually satisfy the same
light-cone SUSY transformations as the corresponding old fields:

5ot = —Vone, 5p~ = V206, (4.3)
ST =Vomet, S~ = —V20iE ", (4.4)
66 = —2indg~ , 66T = 2indgt (4.5)
66 = 2indy, 66t = —2indet | (4.6)
SI1 = 2indB, oI = —2indB, (4.7)
6B = V21Tl 6B = —V/2q11. (4.8)



As further support for this assumption, we note that this implies that both the left hand side
and the right hand side of (f.2) are then closed under the light-cone SUSY transformation.

Recall that the equation defining the canonical transformation equation for MHV-QCD
is only part of equation ([.9):

+— - +4— ++— _ 74— +—
Ly + Ly +LyT+ L~ =Ly +L. (4.9)

Since each term on the left hand side of this equation is in the first four curly brackets sep-
arately in (B.11) and also each term on the right hand side is in the first two curly brackets
separately, the minimal supersymmetric extension of this equation just gives us back the
whole equation ([1.9). Therefore, if we can find a canonical transformation that transforms
correctly under the SUSY transformation and is also consistent with what we already have
in MHV-QCD, we will have solved the canonical transformation equation (f.J). To be
specific, we can separate the transformation expansion for fields {A, A, a®, a*} into QCD
pieces which involve only QCD fields {B,B,¢%,£7}, and new pieces which contain new
supersymmetric fields {pT, @, II,TI} as well as QCD fields:

X:XQCD[B7 B? £i7gi]+XNCW[B7 B? £i7g:t7 (ID:E7 ¢i7]‘_‘[7 ﬁ] ) XG{A7 A? ai? di}? (4'10)

in which either each expansion term in XNV contains at least one field from {cpi, ¢+, 11, 11}
or XNe% = (. At the same time, one can see that the expansion of {A, A, T, ¢*} should
not contain pieces which only have QCD fields:

X = XI:B7 B? £i7g:t7(10:t7(15:t7]‘_‘[7 ﬁ] ) X 6 {A7 A? ¢:|:7¢_5:|:}7 (4'11)

where each term in X contains at least one field from {cpi, ¢+, 11, I} as in X New " This is
because all the new superpartners carry R charges, and R charge should be conserved
by the canonical transformation. In other words, XNV[B, B, ¢+, &+, oF, o 11,11 and
X[B,B, &, &5, oF, ¢F 11, 11] cannot contribute to the QCD pieces containing only QCD
fields in the canonical transformation equation ([L.2). Therefore X QCD must separately
satisfy ([.9), whilst the new pieces X New along with X must satisfy the canonical trans-
formation equation with the pure QCD terms eliminated:

Ly + Ly + Ly~ + Ly + Ly + L
FLA T LT A L = LT+ L (4.12)

Here only terms containing the new pieces XNV in Lif_, LX'F_, L=, L;‘X‘ are retained.
So we would expect XQCP are just what we already have, which are listed in appendix B

To obtain the MHV Lagrangian for massless pieces, we demand that all the old plus
chirality fields depend only on new plus chirality fields and all the old minus chirality fields
should depend linearly on the new minus chirality fields. As in [3, R9], first, we still

demand that A is just a functional of B, i.e. in momentum space:’

%:ZATwﬁrﬂmw- (4.13)
i

!Further details on definitions in the equations here and later, are included with the summaries in
appendices E and E



It is then easy to obtain the canonical transformation for A by using the light-cone SUSY

transformation (B.9) and ({.§):
Ag=> | Tyind Bie--T- - Budgig. (4.14)
n=171-n =1

Under SUSY, A transforms back to .4 under the light-cone SUSY transformation. Therefore
the right hand side of the above equation had better transform under SUSY back to the
right hand side of ([.13). After collecting terms, that is what happens, thus forming a
non-trivial consistency check on our reasoning. As an inverse, B3 is only a functional of A,
i.e. B[A], and II a functional of A and A, i.e. II[A, A].

Next, let us consider o~ and ¢~. The expansion of &~ should at least contain one piece
containing terms of the form B--- B£~. The supersymmetric transformation of = and £~
involves only terms proportional to holomorphic 7, but the supersymmetric transformation
of B involves only anti-holomorphic 7. To satisfy the SUSY transformation for o™, the
expansion must have another piece to cancel the 77 terms after the SUSY transformation.
But for ¢~ there is no such requirement because the SUSY transformation of ¢~ involves
only 7 like B. So for a minimal extension of MHV-QCD, the expansion of ¢~ could contain
only one piece:

n=1 -

and by using the SUSY transformation from ¢~ to o™, the expansion of o~ can be obtained:

e ) n—1
a; =&+ Z/ - (81 o Bua&y = By TH - Bn_1¢;> Sqf.om - (4.16)
n=2"1"n =1

Under SUSY, o~ transforms back to ¢~. After collecting terms, one finds that the right
hand side of the above equation transforms under SUSY back to the right hand side
of ({.19). Again, this forms a non-trivial consistency check on our reasoning. As a re-
sult, the inverse @~ is only a functional of ¢~ and A, i.e. " [¢~,.A], and £~ a functional
of =, A, o=, and A, ie. £ [a",¢ ", A, Al. The discussion for &~ and ¢~ is the same.
For at, ¢t and at, ¢, a similar discussion can be applied, but the roles of a and ¢ are
exchanged, that is, the expansions for o™ and @™ contain only one piece each and the
expansions ¢+ and ¢ have two pieces each. The detailed transformations are summarized
in appendix [J. Here we only summarize the field dependence:

a+[£+78]7 C_v+|:g+7B:|7 a_l:g_?@_?]:[?B:I? a_[g_7(10_7H7B:|7
(25_ I:()O_7B:| ) (ZE_ [(ﬁ_?B] ) ¢+|:(ID+7€+71_‘[7 B] ) (5—"_[()5—"_75—"_71_‘[7 B] ) (4'17)
and the inverse field dependence:

§+[a+7‘A:|7 g—l—[d—l—?‘A]? f_[a_7(zg_7A7A:|7 g_[d_7¢_7A7A:|7
(70_ |:¢_7 A] ) (15_ [¢§_7 A] Y <p+ |:¢+7 a+7 A7 A] ) (15—"_ I:q_b—i_’ a+7 A7 A] * (4'18)



The transformations for A and A are the most complicated ones. From the transfor-
mation for MHV-QCD we can see that, A has at least two pieces: one piece involves only
gauge fields B and B, and the other involves fermions and their 1/N¢o terms. We look at
the term involving B and B i.e. AP first. From a similar holomorphic analysis of the SUSY
transformation, one finds that the minimal extension is to make the corresponding gauge
AllB

piece of A contain a single piece involving B and II, and A contain an additional piece

AP involving B, 11, II, in the following sense:

DU — Z/l SUE BT Budggn, (4.19)
— Ji.

=1

ABII __ 1 > & —Ss g Ols = ~
Aq o _\/7—2qAnZ::2 1.. Z “q,I---ﬁ Z (_1) ! Blanan 5[11...77. (420)

mos=1 I=1,l#s

Next, let us look at the piece involving B---£T€~ ... B in the expansion of A. There
must be a corresponding piece in A which should be transformed into this piece under the
SUSY transformation. The corresponding piece in A could contain terms proportional to
B--Il--- ¢ B, B---pté--.Band B---¢tp™ ---B. From (f.1§) and the require-
ment that this be a canonical transformation, we have:

‘E—A:—‘;i:o, ﬂzgzo. (4.21)
80t oA o0&~ oA
Therefore this piece cannot depend on ¢ and £, and the only terms left are proportional
to B---&typ™ -+ B. This is also consistent with the SUSY transformation since the SUSY
transformations of B, ¢~ and £T involve only 7 which is the same for A. By the same
reasoning, one can obtain the corresponding pieces in A for the other pieces in A. In this
way we demonstrate that A must be given by equations (C-9)-(C-11). Now, using SUSY
transformation on A one determines the canonical transformation for A as given in the
equations ([C.19)-(C.16). Finally, by a straightforward computation, one confirms that the
expansion for A transforms back to the expansion for A under the SUSY transformations.
We have now determined the canonical transformations for all of the fields in terms
of coefficients which we have tacitly assumed are the same as the ones in the transforma-
tion to MHV-QCD. This assumption is correct, since the QCD pieces of {A, A, o™, a*}
must be just the same as the transformation for MHV-QCD. It follows that the canonical
transformations for new fields does not introduce new unknown coefficients, as one might
expect from supersymmetry.

5. The massive CSW vertices for SQCD

With the canonical transformations at hand, we are ready to look at the new CSW vertices
for SQCD. As proved in [23, B]], the massless part of the CSW vertices are the same as the
MHYV amplitude continued off shell up to some external polarizations. These MHV vertices
can be constructed from the MHV amplitudes obtained using normal massless SUSY Ward

— 10 —



Identities (SWI), so we will not discuss them here. The new vertices are the massive CSW
vertices from mass terms in the light-cone SQCD.

The new massive CSW vertices for SQCD could be calculated by substituting the
canonical transformations into the light-cone SQCD Lagrangian. But we can try to fix
them from the light-cone SUSY transformation. First let us look at

Lo = Lo + Lo (5.1)

m7ad)

Upon substitution of the canonical transformation, we see that this piece should be com-
posed of six kinds of field configurations:

_ m2 > = A\ _ _ = N A—
Lie = 52/1 [V,I,g(1"'n)§1+82---l’>’n_1§n + V(A n) & By By
= Jim

+V (L)@ By By 1@y, Vi (1)o7 Ba - By 103y |01

m2 00 n—1 o ) )
FES [ S Vi G g Bt B
V2 iz ’
FVE (T i) @y By Ty By i |61 (5.2)

Note that there areno g+tB---II--- BE~ and £ B---II--- Byt terms. This is a consequence
of the simple field dependence of at, a*, ¢~, and ¢~ in ([I7). It also conforms to a
rule that one can extract from the light-cone SQCD Lagrangian in appendix [A], namely
that in the terms involving one scalar and one gluino, the chiralities of the scalar and
gluino are always opposite. The first, third and fifth pieces should be closed under SUSY
transformations. Using the SUSY transformations (f.3)-(4.§) one then easily finds that
these three vertices must be related as:

Vi =—V21vie v,f;z;w =V (5.3)

m7§ )

Since only the QCD pieces in a®™ and a® can contribute to terms proportional to

FBy -+ Bp_1&, and & By -+ By_1&F, Vni'g and Vn;"g must be equal to the correspond-
ing coefficients for MHV-QCD. By using the results of V;{g for MHV-QCD listed in the
appendix D], the above relations immediately give VWJ{’; and VJ,EH o Similarly, we can also
obtain expressions for the other three vertices:

Vb =v2iv, §, v,f;;;s =V i (5.4)

If one calculates the amplitudes A(1727--- (n —1)™n]) and A(1527--- (n — 1)™n3) by
choosing the reference momenta of fermions as in [, the amplitudes are proportional to

an? and V;fj Using relation (5.3) and (p.4)), one can recover the relations between these
. . . . . -t I+ .
amplitudes obtained from massive SWI in [B1]]. Notice that Vi ol and Vin ey aTe inde-
pendent of [. This is a consequence of the supersymmetry. Taking Vé;;ﬁ(p as an example,
since after SUSY transformation, there is a term proportional to ngg g 10 - - By,
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which comes from Vm gnpngQ -1y -+ - B, and V,f;ggwéfBz -1

cient must vanish, we have:

-+ B, , whose coeffi-

I4— -
Vieip ~ Vi =0, for s #1, (5.5)
in other words V#Zﬁcp does not depend on .
Next, let us look at
Lr_I;L LTJ’;L a—‘;l L:’;L (;;;1 + Lm JpAo (56)
We can separate it into three parts which are invariant under the supersymmetry:
L5 zm{Z/ Z s++ 1---n) & By By By 16
lem
+Vrfb,—;1'[2(1 . ﬁ)@f‘BQ N | PR Bn—lfrt
+v,;v§g;(1 )& By Ty Bn_lgp;)al...n
81s Is,+—+ /7 -
B [ XX (i
Len_g o= 23751
KBy 0y T, Bn_lg;)al,,,n} , (5.7)
L;,’:b_‘f‘ { Z/ Z Ve ++ + )§TB2 5;*‘5;_1 . Bn_lg;l‘
1en o
+V, J{J@;(I See M) gf_B2 Tt @:‘P;+1 T Bn—lfﬁ’_
+V, :’;2;06—"_(1 e ﬁ) 951’_32 o 5:905_4_1 T Bn—lfﬁ’_
w7 z;;<i~-msr82 e Bt
1)0es (ylst+—+ _
D) IS D T (FE i
M s=21=2 l;és s+1
ng_BQ"'Hl 52_()05_-}-18"_16;)51"} s (58)
L { D / Z & By € Bani &
len o
RV 2—@@‘2"’(1 .. ’FL) gf‘Bz - Qbs_(ﬁ:—i—l ce Bn—l&:
+V8 —:;gpgg'—(l T ’FL)@TB2 P £s+1 n—lgr—lz—
+V8 Z@f—;—'—(i T ,FL) _T_BQ P £s+1 Bn—l‘p:)(hn
§is (v/lsH—++/7 =
+Z/ " (1) (Vnigmpgg (1---m)

ng‘B2 .

s=2 1= 2l;£ss+l

QOS 55-{-1 n—1§:)51n} )
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where 6 is defined in ([C.17). Just by using the SUSY transformation as before, we arrive
at the following relations between these vertices:

1 n 1
S+—+ _ Tysst—+ si+—+ _ _ Nyrst—+ lsi+—+ _  “yrs+—+
VmAOHE = §Vm’5 5 Vm7§]'[4p - §Vm,§ ) meﬂﬁf o §Vm7§
S, ++—+ _ IS ++—+ S,++—+ ~v78,++—+
Viigeee = V2AVT, Viitepe = —V20VTT,
Vil = VEIETY VL = vt
S, +—++ _ Ay 7S,+—++ S, +—++ _ T8 +—++
Vm,&p&p - —\/§an7§ ’ mew& - \/§le7£ ’
st—++ TSt Isqb—++ s F—++
Viéope = V25 H IV Vildigoe = Ve - (5.10)

Since all the vertices on the right hand side of these equations have already been obtained
from MHV-QCD, the new vertices on the left hand side immediately follow from these
. . Is,+—+ y/ls,++—+ Is,+—++

relations. Notice that Vm,gnﬁg’ Vm,ﬁl’[ap«pﬁ and Vm,ﬁl’[ap«pﬁ also do not depend on [, so the
dependence of [ in corresponding terms appears only in (—1)518, i.e. when the positions of
plus-helicity gluinos change, the vertices at most change sign, in accordance with Fermi
statistics. Just like in the previous case, this can be understood as a result of the supersym-
metry: for example, the coefficient of the term &+ .- -TI;, -+ TI;--- T -+ - €T, generated
by the SUSY transformation, must vanish. This arises from transforming the ij ’&L;Z,
VTQ’Z’;{;&JF terms, from which we conclude

Is,++—+ l1s,4++—+
an,gnwg - le,2rlwg =0, forl #1, (5.11)

which just means that Vrlrf &L;Z is independent of [.

Now let us look at the last piece

Lot~ =Lt +L (5.12)

m m, m,pAa*

There are four kinds of vertices with different field configurations in the Lagrangian after
applying the canonical transformations:

o0
L7t =im Z/
n=3/1-m

VnI,?_(I )& Ba oo By,

n—1
+Zvé;;§[g(i...ﬁ)%—32...nl...Bn_1§;
=2
n—1 -
+Z fo;}ﬁ;(l )& By I Bn—lsﬁﬁ] S1m
=2
o) n—2 n—1
hioy—t— 5
[V Y v
n=4 1N —9 1y=1y 41

Xy By 10y, -+ Ty, - - Bp15;, 51...n}. (5.13)
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Unfortunately, the light-cone SUSY transformation can only provide some relations among
these vertices:

n—1 n—1
Tyt Tyh—t— 5yt Pyt
LV 4+ IV e =0, aV =S 0vig- =0, (5.14)
=2 [=2
T l,—+— l,—+—
Vi = Vangtie + Vinetty =0, (5.15)
-1 n—1
C = Al —t— R By - Sl ——
Vot T WVoetty + 2 0Vilont, — D WViomm, = 0. (5.16)
11=2 l1=l+1
ly,—+— Iy, —+— Lily—+—
Vrriapl'[& - Vrr;,apﬂﬁ - migil_[l_[gp =0, (517)
ly,—+— Iy, —+— Lily—+—
Vinette — Vimeny = Vet = 0 (5.18)
l l 7_+_ l 7_+— l ,—+—
Vivoitity — Vemontty + Vo, = 0- (5.19)

From these relations, we cannot fix these vertices uniquely, but the above relations may
simplify their determination. Indeed, we only need to calculate two of these vertices to
obtain the others. Since we already have VWZZ_ for MHV-QCD, actually we only need to
calculate one vertex. The results are:

i i(l n). ..
l,—+ +
= x , 5.20
m,pll§ l (1 n) m, ( )
A
yh—t— — _7}( —+- 5.91
lilo,—+— iﬁ (ll l2) —t—
e = — oV, 5.22
m, Iy lllg (1 n) m,€ ( )

It is easy to check that these equations satisfy (p.14)-(F.19). These relations in fact can
also be understood using the massive SWI at the amplitude level [BI].

6. Conclusion and discussion

In this paper, we have seen that the whole canonical transformation for the MHV-SQCD
Lagrangian can be obtained simply by applying a kind of light-cone supersymmetry trans-
formation on the canonical transformation for MHV-QCD Lagrangian. Unlike SWI, this
SUSY transformation relates the dynamical fields of light-cone SQCD directly at the La-
grangian level, not the annihilation operators of outgoing states at the amplitude level.
As a result, it is more widely applicable, as we saw for example by using it to uniquely
determine the canonical transformation for MHV-SQCD. Some relations among massive
CSW vertices can be understood using this supersymmetric transformation. Using these
relations and the canonical transformation, all the massive CSW vertices are obtained. But
since this SUSY transformation is a subgroup of the whole supersymmetry transformation,
it is not as flexible as SWI in changing the transformation parameters. We see this in the
massive vertex relations (5.20)—(5.22), which can be obtained from SWT at the amplitude
level, but can not all be obtained just by using this SUSY transformation.

— 14 —



Though in this paper, the canonical transformation is derived for MHV-SQCD with
one flavour, clearly its application is more general. More flavours can be added without
difficulty. Since the pieces having different field content in the canonical transformation
equation ([.7) cancel separately from the left and right hand side of the equation, parts of
the transformation can be directly used in theories which can be embedded in SQCD. A
typical example is MHV-QCD. After turning off A and ¢ 2 by setting them to zero, we can
obtain the canonical transformation for MHV-QCD and the corresponding massive CSW
vertices are not changed. For theories involving only a gauge field and scalars, we can set A
and quark fields to be zero in the canonical transformation, and the corresponding parts of
the massive CSW vertices can be used directly in this theory as in [R4, P§]. This provides
a direct explanation of the similarity between the massive CSW scalar vertices in [27,
and the massive CSW fermion vertices in [Rg]. Moreover, changing the masses for scalars
and fermions does not modify the canonical transformation but the CSW vertices could be
modified. It is also possible to extend it to a supersymmetric theory incorporating standard
model such as the MSSM.

These CSW vertices of course can be used in simplifying calculations of SQCD ampli-
tudes involving massive quarks and scalars. An interesting observation is that for terms
involving a plus-helicity gluino and containing only one minus-chirality particle, the massive
vertices do not depend on the position of the plus-helicity gluino in the color matrix prod-
uct except for a possible sign change according to fermion statistics. This is a consequence
of supersymmetry. This property may be useful in the amplitude calculations in SQCD.
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A. Light-cone Lagrangian for SQCD

L~ = %tr/zd?’x A (50— 00) A, (A1)
L~ = —z—tr / d*x (AOA — ADO1ON), (A.2)
Lim =2 /E Px (590 — 00)6~ + & (99 — 09)6™) , (A3)
LY~ =iV2 /E &*x (@*da™ +a " dat —atdd oo —a~ 86 dat). (A.4)
Lh = —;%tr /E dx (901 A) [A, DA, (A5)
L = —z—tr / dPx A{A FOIAY — (0L A){A, A}) (A.6)

L =iV / Bx (at (0N +a (- 94t
—atdd 1 (Aa") — a—Aé—léoﬁ) , (A7)
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Lt =2 /E Px (57073406 — 06~ (071 A)6"

~§TADG + D™ ApT), (A.8)
L = Z\/_/d3 —at (NG + 6 FA)a
(O L9a)AG — o A(DLda )) (A.9)
I _i b / dx [A, DA (061 4), (A.10)
Lt = z—tr/d3 <A{A 06~ 1AY — (906~ LA){A, A}) (A.11)
L T =iv2 /d3 AT (07 0A)a” +a (0 9A)aT
—a~ 90~ (Aa* )—d*ﬂ(é_lc‘)a_)), (A.12)

Lyat =2 / d*x (06707 0A)6™ — 9™ (07 0.A)IoT — 9~ A6 +05+ AGT ), (A13)

Lot = ~ivE [@x (3% '0R)a™ —a~(070R)0*
>

A1 9a) + (a—laa—)fxw) . (A.14)
Lyt = /Z d3x % 24072nY — giztr([A,ﬁ]Z)} : (A.15)
L = % /E Px 2225 (A.16)
Lt = /Ed?’x :zﬁgé*z:‘;‘ —i%tr([ft, AJO~1A, A])] . (A.17)
Ly~ = % /E d3x {2‘;}5-223 + ¢ (T T + ¢_T“¢+)2] , (A.18)
[ = % /E Px x50 (A.19)

Loyt = /2 d’x [233—22;

—V2ig? (@t T¢™ + ¢~ Ta")d ¢t Ta™ +a~ T“(bﬂ] (A.20)
L = /Z dx [zgé-?zg (A AV +¢—{A,A}¢+)] , (A.21)
Lt = / d*x 297254 (A.22)
Lot = /2d3 [Ea 072%4 —2\/_( “1Aa™ )+a+ﬂé‘1(,4a—)>], (A.23)
Loyt = /Z dPx [zgé—ﬁx —i\/§<¢-A3-1(A¢+) +¢+A5—1(A¢—))] , (A.24)
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Lot = —iv2 / dx [(b‘Aé_l(fTaJr) —¢TAI N (Aa") — 0 (a” A)ApT
b

+o @t A)Ag™ +at (07 A A G — ¢ (07 A At

+¢T (07 A Ao — a‘(é‘l[A,]X])qﬁ*] .
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where

Define:

C. Summary of the canonical transformation for MHV-SQCD
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n—1 n
-2 K;f..n< Y. (DB

s=1 1=1,l#s,5+1

——Kq’l NZQBQ I, Buo1 @y, 1]5 Los (C.16)
where I is the color singlet unit matrix and
0 forl<s
Oys = ’ 1
: {1 forl > s. (C.17)
D. Summary of the massive CSW vertices for MHV-QCD
m? _ _
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where
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